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1 Introduction. 



We shall study the following problem: to find a non-negative Borel measure 
/i in a strip 

n = {{x, (f) : X G M, -vr < (/? < vr}, 

such that 

x™e*'"^(i// = Smn, meZ+,ne Z, (1) 



n 

where {sm,n}m£i,+ ,nez is a given sequence of complex numbers. We shall 
refer to this problem as to the Devinatz moment problem. 
A. Devinatz was the first who introduced and studied this moment prob- 
lem [T]. He obtained the necessary and sufficient conditions of solvability 
for the moment problem ([1]) and gave a sufficient condition for the moment 
problem to be determinate pL, Theorem 4]. 

Our aim here is threefold. Firstly, we present a new proof of the Devinatz 
solvability criterion. Secondly, we describe canonical solutions of the Dev- 
inatz moment problem (see the definition below). Finally, we describe all 
solutions of the Devinatz moment problem. We shall use an abstract opera- 
tor approach [2] and results of Godic, Lucenko and Shtraus [3],[H Theorem 

MM- 

Notations. As usual, we denote by M, C, N, Z, Z+ the sets of real num- 
bers, complex numbers, positive integers, integers and non-negative integers, 
respectively. For a subset S of the complex plane we denote by 53(5') the set 
of all Borel subsets of S. Everywhere in this paper, all Hilbert spaces are 
assumed to be separable. By (•, ■)h and || • \\h we denote the scalar product 
and the norm in a Hilbert space H, respectively. The indices may be om- 
mited in obvious cases. For a set M in H, by M we mean the closure of M 
in the norm || • \\h- For {xk}keT, G H, we write 'L\n{xk}keT for the set 
of linear combinations of vectors {xk}k&T and span{a:fc}fcgT = Linlx^lfceT- 
Here T := Z_|_ x Z, i.e. T consists of pairs {m,n), m € Z_|_, n ^ %. The 
identity operator in H is denoted by E. For an arbitrary linear operator 
A in the operators A* ^A^A~^ mean its adjoint operator, its closure and 
its inverse (if they exist). By D{^A) and -R(^) we mean the domain and 
the range of the operator A. By ct(A), pi^A) we denote the spectrum of A 
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and the resolvent set of A, respectively. We denote by Rz{A.) the resolvent 
function oi A, z G piA). The norm of a bounded operator A is denoted by 
\\A\\. By = we mean the operator of orthogonal projection in H on 
a subspace Hi in H. By B(//) we denote the set of all bounded operators 
in H. 



2 Solvability. 

Let a moment problem ([1]) be given. Suppose that the moment problem has 
a solution /x. Choose an arbitrary power-trigonometric polynomial p{x, f) 
of the following form: 

oo oo 

^ 5Z (^m,nXV^, am,n€C, (2) 

m=0 n=— oo 

where all but finite number of coefficients Om n are zeros. We can write 



/„ oo oo oo oo 

t m=On=-oo k=Ql=-oo 



OiTn,nO!k,lSm+k,n—l- 

m,n,k,l '^^ m,n,k,l 

Thus, for arbitrary complex numbers am,n (where all but finite numbers are 
zeros) we have 

oo oo 

am,nakJSm.+k,n-l > 0. (3) 

m,k=0 n,i=— oo 

Let T = 7j X TL^ and for t,r G T, t = (m, n), r = {k, I), we set 

Er(t, r) = K{{m, n), {k, I)) = Sm+k,n-l- (4) 

Thus, for arbitrary elements ti,t2, ■■■,tn of T and arbitrary complex numbers 
«!, a2, On, with n G N, the following inequality holds: 

n 

K{ti,tj)aiaj>0. (5) 

The latter means that K{t, r) is a positive matrix in the sense of E.H. Moore 
m P-344]. 
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Suppose now that a Devinatz moment problem is given and condi- 
tions ([3]) (or what is the same conditions ([5])) hold. Let us show that the 
moment problem has a solution. We shall use the following important fact 
(e.g. [7, pp.361-363]). 

Theorem 2.1 Let K = K(t,r) be a positive matrix on T = x Z+. Then 
there exist a separable Hilbert space H with a scalar product (•, •) and a 
sequence {xt}t£T in H , such that 

K{t,r) = {xt,Xr), t,reT, (6) 

and span{xt}teT = H. 

Proof. Consider an arbitrary infinite-dimensional linear vector space V 
(for example, we can choose a space of complex sequences (ti„)nGN, Un € C). 
Let X = {xt}t£T be an arbitrary infinite sequence of linear independent 
elements in V which is indexed by elements of T. Set Lx = l-'in{xt}teT- 
Introduce the following functional: 

[x,y] = X] K{t^r)0'tbr, (7) 

t,reT 

for x,y e Lx, 

x = ^atxt, y = ^brXr, at,breC. 
Here all but finite number of indices aj,5r are zeros. 

The set Lx with [•, •] will be a pre-Hilbert space. Factorizing and making 
the completion we obtain the required space H (jiSj p. 10-11]). □ 

By applying this theorem we get that there exist a Hilbert space H and 
a sequence {xm,n}m&+,n&, Xm,n G H, such that 

{xm,n,Xk,i)H = K{{m,n),{k,l)), m,k n,l £Z. (8) 

Set L = Lm{xm,n}{m,n)€T- We introduce the following operators 

(9) 

(m,n)eT 

(10) 

(m,n)eT 
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where 

X — ^ ^ OjYi^n^m,n S L. (H) 
(m,n)eT 

We should show that these definitions are correct. Indeed, suppose that the 
element x in (jlip has another representation: 



{k,l)&T 



(12) 



We can write 



^{m,n)£T J {m,n)£T 

am,nSm+l+a,n-fe = am,n-?^(("T', "-), (a + 1, &)) 

(m,n)GT {m,n)£T 

^(m,n)er / 

for arbitrary (a, h) S T. In the same manner we get 



.(fc,/)GT 



Since span{3;a,fe}(a,fe)eT = H, we get 



(m,n)GT {k,l)&T 



Thus, the operator is defined correctly. 
We can write 



{m,n)&T 



{am,n - /3 m,n )Xm,,n+l ) 

~ lik,l)Xk,l + l 

y{m,n)eT {k,l)eT 

^ (am,n - Pm,n){ak,i " l3k,i)K{{m, n + l),{k,l + 1)) 

(m,n),(fc,OeT 



^ {am,n - Pm,n){0Lk,l - Pk,l)K{{m, n), {k, I)) 
{m,n),{k,l)eT 

^{in,n)<=T {k,l)<=T / 

Consequently, the operator Bq is defined correctly, as well. 
Choose an arbitrary y = Yj(a,b)&T^a,hXa,h G L. We have 

{AoX,y)= X am,nla,h{Xm+l,n,Xa,h) = ^ am,nla,bK{{m+l,n), {a,b)) 
m,n,a,b m,n,a,b 

= ^ am,n'ya,bK{{m,n),{a+l,b)) = ^ am,nla,b{Xm,n,Xa+l,b) = {x, Aoy). 

m,n,a,b m,,n,a,b 

Thus, Aq is a symmetric operator. Its closure we denote by A. On the other 

hand, wc have 

{Box, Boy) = Yl 

0^m,nl/a,b{Xm,n+lt Xg^^jj^l) — / ^ 0:m,n1a,b 

■K{{m,n+l),{a,b+l)) 

m,n,a,b m,n,a,b 

= Y am,n%bK{{m,n),{a,b)) = ^ am,n%b{xm,n,Xa,b) = {x,y). 

m,n,a,b m,n,a,b 

In particular, this means that Bo is bounded. By continuity we extend Bo 
to a bounded operator B such that 

{Bx, By) = {x, y), x,y e H. 

Since R{Bo) = L and Bq has a bounded inverse, we have R{B) = H. Thus, 
5 is a unitary operator in H. 

Notice that operators Aq and Bq commute. It is straightforward to check 
that A and B commute: 

ABx = BAx, X G D{A). (13) 

Consider the following operator: 

JqX = ^ ^ CXm,nXm,—m (l^) 
(m,n)eT 

where 

X = ^ ^ Olm,nXm,n ^ L. (1^) 
(m,n)eT 



Let us check that this definition is correct. Consider another representation 
for X as in (jl2p . Then 



{m,n)eT 



{am,n - /3m,n)Xm-n, ^ {ak,l - Pk,l)xk-l 



^ (am,n - /3m,n)(afc,i " l3k,i)K{{m, -n), {k, -I)) 

{m,n),{k,l)&T 

= ^ {am,n - f3m,n){ak,i - l3k,i)K{{m,n),{k,l)) 

(m,n),{k,l)eT 

(am,n - /3m,n)a;m,n, ^ ("fc.J " h,l)Xk,l j = 0. 
^(m,n)GT (A;,OeT / 

Thus, the definition of Jq is correct. For an arbitrary y = Yl{a b)eT la,bXa,b £ 
L we can write 

{Jox,Joy)= ^ a^7a,f,(a^m -n,a:a -fe) = ^ a;^7a,;,K((m, -n), (a, -6)) 



m,n,a,b 



m,n,a,b 



XI "m,n7a,b^((a,6), (m,n)) = ^ am,n7a,b(a;a,6, a;»n,n) = (y, a;). 



m,n,a,b 



m,n,a,b 



In particular, this implies that Jq is bounded. By continuity we extend Jq 
to a bounded antilinear operator J such that 

{Jx,Jy) = {y,x), x,y€H. 

Moreover, we get = Eh- Consequently, J is a conjugation in H ([9j). 
Notice that Jq commutes with Aq. It is easy to check that 

AJx = JAx, xeD{A). (16) 

On the other hand, we have JqBq = Bq^Jq. By continuity we get 

JB = B-^J. (17) 
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Consider the Cayley transformation of the operator A: 

VA:=iA + iEH){A-iEH)-\ (18) 

and set 

Hi := AA(i), H2:=HeHi, H3 := AA(-i), := H Q H^. (19) 



Proposition 2.1 The operator B reduces subspaces Hi, 1 < i < 4: 

BHi = Hi, 1 < i < 4. (20) 

Moreover, the following equality holds: 

BVax = VaBx, xeHi. (21) 

Proof. Choose an arbitrary x G Aa{z), x = {A — zEH)fA, /a S D{A), 
z G C\M. By ^ we get 

Bx = BAfA - zBfA = ABfA - zBfA = {A - zEH)BfA e Aa(z). 

In particular, we have BHi C Hi, BH^ C H^. Notice that B^^Aq = AqB^^ . 
It is a straightforward calculation to check that 

AB-^x = B-^Ax, X G D{A). (22) 

Repeating the above argument with B~^ instead of B we get B^^Hi C Hi, 
B~^H^ C i^3, and therefore Hi C BHi, H^ C BH3. Consequently, the 
operator B reduces subspaces Hi and H3. It follows directly that B reduces 
H2 and H4, as well. 
Since 

{A-iEH)Bx = B{A-iEH)x, x&D{A), 
for arbitrary y G Hi, y = {A — iEH)xA, xa G D{A), we have 

iA-iEH)B{A-iEH)-^y = By; 

B{A-iEH)-^y = {A-iEHy^By, y e Hi, 

and (HU follows. □ 

Our aim here is to construct a unitary operator U in H, U D Va, which 
commutes with B. Choose an arbitrary x & H , x = xhi + xh2- For an 
operator U of the required type by Proposition 12.11 we could write: 

BUx = BVax Hi + BUxr^ = VaBxh^ + BUxh^ , 
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UBx = UBxHi + UBxH2 = VaBxhi + UBxh2 ■ 

So, it is enough to find an isometric operator {72,4 which maps H2 onto H4, 
and commutes with B: 

BU2,4X = U2,aBx, X G H2. (23) 

Moreover, all operators U of the required type have the following form: 

U = Va®U2,a, (24) 

where C/2,4 is an isometric operator which maps H2 onto /?4, and commutes 
with B. 

We shall denote the operator B restricted to Hi by Bh,, 1 < i < 4. Notice 
that 

A*Jx = JA*x, x£D{A*). (25) 
Indeed, for arbitrary G ^i^) qa* G D{A*) we can write 



{AfA,JgA') = {JAfA,gA*) = {AJfA,gA*) = {JfA,A*gA') 



= {fA,JA*gA*), 

and (f25|) follows. 

Choose an arbitrary x G //2- We have 

A*x = —ix, 

and therefore 

A* Jx = JA*x = ix. 

Thus, we have 

JH2 C Hi. 

In a similar manner we get 

JH4 C //2, 

and therefore 

JH2 = H4, J Hi = H2. (26) 

By the Godic-Lucenko Theorem ([3],[11 Theorem 1]) we have a representa- 
tion: 

= KL, (27) 
where K and L are some conjugations in H2. We set 

C/2,4 := JK. (28) 



From ()26p it follows that f72,4 maps isometrically H2 onto i^4. Notice that 

U:^^ := KJ. (29) 

Using relation (fTTl) we get 

U2,4Bh^U^^Ix = JKKLKJx = JLKJx = JBj^Jx 

= JB'^Jx = Bx = BH4X, X € H4. 

Therefore relation (j23p is true. 

We define an operator U by (j24p and define 

^c/ := + EhW - Eh)"^ = iEn + 2i{U - Eh)'^. (30) 

The inverse Cayley transformation Ajj is correctly defined since 1 is not in 
the point spectrum of U . Indeed, Va is the Cayley transformation of a sym- 
metric operator while eigen subspaces H2 and -ff4 have the zero intersection. 
Let 

Au= [ sdE{s), B = [ e*W((^), (31) 

where E{s) and F{ip) are the spectral measures of Afj and B, respectively. 
These measures are defined on 5S(M) and 5S([— vr, vr)), respectively (|10]). 
Since U and B commute, we get that E{s) and F{ip) commute, as well. By 
induction argument we have 

Xm,n = -4™-xo,n, m S Z+, n S Z, 

and 

XQ,n = -B"xo,o, n G Z. 

Therefore we have 

= ^™S"2;o,o, m e Z+, n G Z. (32) 

We can write 

Xm,n = [ s'^dEis) [ e^"'^dF(vp)xo,o = / s™e^"^d(S x F)xo,o, 

where E x F is the product spectral measure on 55 (H). Then 

Sm.,n = {xni,n,xofi)H = / s"^e''"^ d{{E X F)xo,o, XQfi) H , {m,n)eT. (33) 

Jn 

The measure fi := ((S x -F)xo,0; 2;o,o)h is a non-negative Borel measure on 
n and relation p3p shows that is a solution of the Devinatz moment 
problem. 

Thus, we obtained a new proof of the following criterion. 
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Theorem 2.2 Let a Devinatz moment problem be given. This problem 
has a solution if an only if conditions ^ hold for arbitrary complex numbers 
ctm,n such that all but finite numbers are zeros. 

Remark. The original proof of Devinatz used the theory of reproducing 
kernels Hilbert spaces (RKHS). In particular, he used properties of RKHS 
corresponding to the product of two positive matrices and an inner structure 
of a RKHS corresponding to the moment problem. We used an abstract ap- 
proach with the Godic-Lucenko Theorem and basic facts from the standard 
operator theory. 

3 Canonical solutions. A set of all solutions. 

Let a moment problem ([T|) be given. Construct a Hilbert space H and 
operators A, B, J as in the previous Section. Let A D A he a self-adjoint 
extension of A in a Hilbert space H D H. Let Rz{A), z € C\M, be the 
resolvent function of A, and be its spectral measure. Recall that the 
function 

KM)-=pSRz{A), zeC\R, (34) 
is said to be a generalized resolvent of A. The function 

Ea{6) ■.= P§E^{6), 6€^{R), (35) 

is said to be a spectral measure of A. There exists a one-to-one correspon- 
dence between generalized resolvents and spectral measures established by 
the following relation [7]: 

{K,{A)x,y)H= f -^d{BAX,y)H, x,y € H. (36) 

We shall reduce the Devinatz moment problem to a problem of finding of 
generalized resolvents of a certain class. 

Theorem 3.1 Let a Devinatz moment problem be given and condi- 
tions (EP hold. Consider a Hilbert space H and a sequence {xm,n}m£Z+,neZ; 
Xm,n & H , such that relation holds where K is defined by Consider 
operators Aq,Bq defined by <fP|). jlOj) on L = Lm{x m,n} {m,n)£T ■ ^ = 
B = Bq. Let n be an arbitrary solution of the moment problem. Then it has 
the following form: 

fi{6) = ((E X F)(5)xo,o, xo,o)h, S G 5S(M), (37) 
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where F is the spectral measure of B, E is a spectral measure of A which 
commutes with F. By ((E x F){6)xq^q,xo^o)h we mean the non-negative 
Borel measure on M which is obtained by the Lebesgue continuation procedure 
from the following non-negative measure on rectangules 

((E X X /^))xo,o,xo,o)h := (E(4)F(/^))xo,o,xo,o)//, (38) 

where C M, C [— vr, vr) are arbitrary intervals. 

On the other hand, for an arbitrary spectral measure ^ of A which commutes 



with the spectral measure F of B, by relation [31] it corresponds a solution 
of the moment problem 

Moreover, the correspondence between the spectral measures of A which com- 
mute with the spectral meeasure of B and solutions of the Devinatz moment 
problem is bijective. 

Remark. The measure in ()38p is non-negative. Indeed, for arbitrary 
intervals Ix C M, C [— 7r,7r), we can write 

(E(4)F(/^) {F{I^)B{Ix)F{I^) 



= (E{Ix)F{I^)xo,o,F{I^)xo^o)^ = l^E{Ix)F{I^)xo,o,E{Ix)F{I^)xo,o)^ > 0, 

where E is the spectral function of a self-adjoint extension j4 ^ j4 in a 
Hilbert space H ^ H such that E = PjjE. The measure in psp is additive. 

If = U /2,<^, /i,<^ n h,^ = 0, then 

(E(/a;)F(/<^)xo,o,a;o,o)// = {F{h,^yj h,ip)'E{Ix)xQ,o,xofi) ^ 

+ (F(/2,^)E(4) 

The case Ix = Ii,x U l2,x is analogous. Moreover, repeating the standard 
arguments [HI Chapter 5, Theorem 2, p. 254-255] we conclude that the 
measure in (p8]) is cr-additive. Thus, it posesses the (unique) Lebesgue con- 
tinuation to a (finite) non-negative Borel measure on 11. 

Proof. Consider a Hilbert space H and operators A,B as in the 
statement of the Theorem. Let F be the spectral measure of B. Let be 
an arbitrary solution of the moment problem ([1]). Consider the space 
of complex functions on 11 which are square integrable with respect to the 
measure /U. The scalar product and the norm are given by 



if,g)>. = / /(x,^)g(x,(^)d^, ||/IU = ((/,/)^)^ f,geL'^. 



n 
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Consider the following operators: 

A^fix, ^) = xf{x, v), D{A^) = {feLl: xf{x, ^) e L^}, (39) 

B^f{x, ^) = e'^Pfix, v), D{B^) = Ll. (40) 

The operator is self-adjoint and the operator is unitary. Moreover, 
these operators commute and therefore the spectral measure of A^ and 
the spectral measure of commute, as well. 

Let p{x, if) be a (power-trigonometric) polynomial of the form ([T|) and q{x, if) 
be a (power-trigonometric) polynomial of the form ([T|) with f3m,n € C instead 
of 

(^m,n- Then 

{m,n)&T,{k,l)eT ^ 

— ^ ^ 0/.m,nl^k,l^m+k,n—li 

{m,n)£T,{k,l)eT 

On the other hand, we can write 

^ ^ (^'m,nXm,m ^ ^ Pk,lXk,l | — ^ ^ Otm,nPk,liS^m,m ^k,l) H 

y{m,n)eT {k,l)&T J ^ {m,n)&T,{k,l)&T 

= ^ am,nPk,lK{{m,n),{k,l)) = ^ am,n/3k,lSm+k,n-l- 

{m,n)&T,(k,l)&T {m,n)eT,{k,l)eT 

Therefore 

{P,Q)ti= X] "m,na;m,n, ^ /3fc,«a^fc,« ■ (41) 

\{m,n)£T (k,l)eT J ^ 

Consider thr following operator: 

= Yj ^rn,nXm,n, P= Yj C(m,nX"'e''"^ . (42) 
{m,n)eT (m,n)<^T 

Here by [p] we mean the class of equivalence in defined by p. If two 
different polynomials p and q belong to the same class of equivalence then 
by dm we get 



= \\P-(1\\1 = {p-Q,P-Q)tJ.= \ Y i^rn,n - Pm,n)Xm,n, ^ (O-k,! - l3k,l)xk,, 

.{m,n)£T {k,l)eT 
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2 



(m,n)GT 



{m,n)eT 



Thus, the definition of V is correct. It is not hard to see that V maps a set 
of polynomials Pq ^ in on L. By continuity we extend V to the isometric 

transformation from the closure of polynomials = Pq ^ onto H. 
Set Hq := L'f^Q P^. Introduce the following operator: 



U:=V(BEho, 
which maps isometrically onto H := H ® Hq. Set 



A := UAf,U 



-1 



5 := UBf,U 



-1 



Notice that 



(43) 



(44) 



AX'jji^ji — UA^U Xm,n — U A^X C ^ — Ux 6 — XYn-\-\^n^ 
^•^m^n — U B Xra^n — UB^X 6 — Ux 6^ — Xtt^^ti+I* 

Therefore A^ A and B ^ B. Let 



(45) 



where E{s) and -^(92) are the spectral measures of A and B, respectively. 
Repeating arguments after relation ([5T]) we obtain that 



A^B^xofl, 



m G Z4., n G 



(46) 



s-^^in^d{{E X F)xo,o, xo,o)i^, (m, n) e T, 



(47) 



where {E x i*") is the product measure of E and F. Thus, the measure 
/i := {{E X F)xofi^XQfi)j^ is a solution of the Devinatz moment problem. 
Let Ix C M, /(^ C [— vr, vr) be arbitrary intervals. Then 

Wx X I^) = {{E X F){h X I^) 

= {E{Ix)F{I^)xQ^Q,xofi)^ = {PhE{Ix)F{I^)xo^o,xo,o)h 
= (E(4)F(/^)xo,o,xo,o)h, 
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where E is the correponding spectral function of A and F is the spectral 
function of B. Thus, the measure Jl has the form ()37p since the Lebesgue 
continuation is unique. 

Let us show that Jl = fi. Consider the following transformation: 

S: (x, vp) G n ^ f Arg ^) € Uq, (48) 

where Ho = [— 7r,7r) x [— 7r,7r) and Arge*^ = y £ [—'^,'^)- By virtue of V we 
define the following measures: 

fioiVG) := fi{G), JloiVG):=JliG), GG'B(n), (49) 

It is not hard to see that and JIq are non- negative measures on 55 (Ho). 
Then 

e^"^d/x= / e^"^^e"^d^o, (50) 



and 







e'''^dTL= / e^'^^e^^^d/Io, m,nGZ; (51) 



^) e^"M^xF)xo,o,xo,o 



' [— 7r,7r) 

jI-i£;jj)(I + i£;^)-i)"'F"xo,o,xo,o)~ 
' [/-I ((I - i£;^)(I + iE^y^Y B^'Ul, Ul 

'iA^-iEL2)iA^ + iEL2r'yB;i,l] 

= J (l^) e^"^d/^, m,n€Z. (52) 
By virtue of relations ([50]) . ([5T]) and ([52]) we get 

gim^gin^^^^^ / e^"^^e^"^d/Io, m,n€Z. (53) 
no JHo 
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By the Weierstrass theorem we can approximate any continuous function by 
exponentials and therefore 



f{iP)g{ip)diiQ = / f{ij)g{ip)dfio, (54) 
Ho Jno 

for arbitrary continuous functions on Ho. In particular, we have 

[ V"<^"'rf/^o= / V'"¥'™d/^o, n,mGZ+. (55) 
Juo Juo 

However, the two-dimensional Hausdorff moment problem is determinate 
(|12j) and therefore we get no = JIq and n = hq. Thus, we have proved that 
an arbitrary solution fi of the Devinatz moment problem can be represented 
in the form (j37p . 

Let us check the second assertion of the Theorem. For an arbitrary 
spectral measure E of A which commutes with the spectral measure F of 
B, by relation ()37p we define a non- negative Borel measure /U on 11. Let us 
show that the measure is a solution of the moment problem ([1]) . 
Let A be a self-adjoint extension of the operator A in a Hilbert space H ^ H, 
such that 

^ = PhE, 

where E is the spectral measure of A. By (|32p we get 



Xm,n = A'^B^Xo^O = A^B^Xofi = PgA^'B^Xo. 







= P#( lim / x'^dE] I e''"^dFxoo=( lim [ x^dE) 

Jl~a,a) J Jl~7T,n) ' J[-a,a) J 

* [ e^"Wxoo= (lim { f x'^dB [ e'^^^dF]] xqo, 

Jl-n,TT) ' ya-^+oc yj[^a,a) J[-7r,7r) / / 

m G Z+, n ^"L, (56) 

where the limits are understood in the weak operator topology. Then we 
choose arbitrary points 

—a = xq < xi < ... < X]\r = a; 

max \xi — Xj-i I =: d, N G N; (57) 

l<i<N 

-TT = ifo < (fi < ... < ipM = vr; 



15 



max \(fi-(fi_i\=:r: M G N. (58) 
i<j<M I ' V / 

Set 

Ca-- f x'^dE ! e^"W = lim Vx™iE([x,_i,Xi)) 

J[-a,a) J[-7,,n) '^^^1^1 

M 

where the integral sums converge in the strong operator topology. Then 

N M 

Ca = lim lim ^ X™ iE([x,_i, X,)) ^ e-^-^F([^,_i, ^,)) 

N M 

= lim lim V ^ X- ie-'^-iE([x,_i, x,))F(b,-i, V^,)), 
where the limits are understood in the strong operator topology. Then 

iV M 



{CaXo,o,xofi)H = lim lini V Vx™ie^"'^^-iE([xi_i,Xi))F([(^j_i,(/?j))xo,o,iCo,c 

i=l i=l 



= i™nii5?,Z^Z^''^i''''''''"' (E([xi-i,Xi))F([^,_i,¥',))xo,o,xo,o)jj 



Af M 

ci->-0 ' 

W M 

N M 

= lini lini V Vx™ie*"^^-i (//([xi_i, x^) x [ipj_i,(pj))xo,o,xofi)jj. 
Therefore 

(CaXo,o,a;o,o)i? = lim lini / fd,r{x,<p)djjL, 

d->0r^0 7[_„„)x[-7r,7r) 

where /(i,r is equal to x'^^e^'^'^^-^ on the rectangular [xj_i,Xj) x [</?j_i, <y9j), 
1 < i < iV, 1 < j < M. 
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If r — > 0, then the simple function fd^r converges uniformly to the function 
fd which is equal to x^^e*"*^ on the rectangular [xi-i,Xi) x [ipj_i,ipj), 1 < 
i<N,l<j<M. Then 

(CaXo,o,xo,o)H = lim / fd{x,(p)dfi. 

'''-^O J[~-a,a)x[-n,TT) 

If (i ^ 0, then the function converges uniformly to the function x'^e^'^'^ . 
Since < ^4™, by the Lebesgue theorem we get 



{CaXo,o,xo,o)H= / x"^e*"^d//. (59) 

J [—a, a) X [— 7r,7r) 



By virtue of relations (|56p and (j59p we get 

Sm,n = {Xm,n-,XQfl)H = hm (CaXo,0, 2;o,o)// 

a— >-+oo 

= lim /" x"*e^"^(i/i= / x"^e*'^^d/x. (60) 

J[-a,a)x[-7r,7r) Jn 

Thus, the measure /U is a solution of the Devinatz moment problem. 

Let us prove the last assertion of the Theorem. Suppose to the contrary 
that two different spectral measures Ei and Ei of A commute with the 
spectral measure F oi B and produce by relation ([37|) the same solution 
of the Devinatz moment problem. Choose an arbitrary z G C\R. Then 

r 777, /» Yfh 

/ ^e^«'^d/z= / ^e^"'^((EfcxF)(<5)xo,o,xo,o)/f 
Jux- z Jrx- z 

e™M(EfexF)(5)xo,o,xo,o)i^, k = 1,2. (61) 

.-a,a)x\-n,7T) X - Z 



-a, a) X [— 7r,7r) 

Consider arbitrary partitions of the type ([57|) . . Then 



^— e^"^d((Efc X F){5)xo,o,xo,o)h 

^-a,a)x[— 7r,7r) -'^ ^ 

lim lini / 5,2;d^(a;, (/?)(i((Efc x F){6)xo,o,xofi)H- 



-a,a) X [— 7r,7r) 

Here the function gz-d,r{x,f) is equal to '-^^ e^'^J-^ on the rectangular 
[■^i— 1 ^ Xi) X [99j_i, V9j), 1 < i < iV, 1 < j < M. Then 

Da = lim lim LJ—g'^v'i-i (Efe([xi_i, Xi))F([v3j_i, (^j))xo,o, a::o,o) u 

i=l j = l 
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lim lim ^^Efc([a;i_i, Xj)) e*""^^' ^ F{[ipj^i,(pj))xQfl,XQfl 

d— >-0r— 5>0 I ^ — ' — Z ^ — ' 

= I [ ^dEfc / e^"'^(iFxo,o,xo,o ) • 

\ J\-a.a] X- Z J\-7t,7t) / 



H 



[—a.a) ^ J[— 7r,7r) 

Let n = TT-i + 712, ^ ^- Then we can write: 



1 



a,a) 



-a,a) y ^ 



X — z 



H 



By dS]) we get 

f x"^ [ f x^ --^ ^ 
/ e'"''^d;u = lim Da = lim / dEkXo^n2,xo~ni 



dEkXo,n2,XO-ni = [A"^^R:,{Ak)A^^Xo,n2,XO-ni 

X — Z J ^ iik 



where m-i, m2 G Z+ : mi + m2 = m, and is a self-adjoint extension of A 
in a Hilbert space fffc ^ H such that its spectral measure Ek generates E^: 



Efc — Pj^'^Ej.; k — 1,2. 



Relation (j62p shows that the generalized resolvents corresponding to E^,, 
k = 1,2, coincide. That means that the spectral measures Ei and E2 
coincide. We obtained a contradiction. This completes the proof. □ 

Definition 3.1 A solution fi of the Devinatz moment problem ^^ we shall 
call canonical if it is generated by relation (31) where E is an orthog- 
onal spectral measure of A which commutes with the spectral measure of 
B. Orthogonal spectral measures are those measures which are the spectral 
measures of self-adjoint extensions of A inside H. 

Let a moment problem ([T|) be given and conditions ([3]) hold. Let us describe 
canonical solutions of the Devinatz moment problem. In the proof of The- 
orem [22] we have constructed one canonical solution, see relation ([33]). Let 
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/i be an arbitrary canonical solution and E be the corresponding orthogo- 
nal spectral measure of A. Let A be the self-adjoint operator in H which 
corresponds to E. Consider the Cayley transformation of A: 

U^=iA + iEH)iA-iEHr^^VA, (63) 

where Va is defined by (|18p . Since E commutes with the spectral measure 
F of B, then Uj commutes with B. By relation (j24p the operator have 
the following form: 

Uj = Va® C/2,4, (64) 

where C/2,4 is an isometric operator which maps H2 onto H4^, and commutes 
with B. Let the operator U2,4, be defined by (j28p . Then the following 
operator 

U2 = U^jU2,4, (65) 

is a unitary operator in H2 which commutes with Bh2- 

Denote by S{B; H2) a set of all unitary operators in H2 which commute 
with Bh2- Choose an arbitrary operator U2 E S{B;H2). Define C/2,4 by the 
following relation: 

C/2,4 = U2,4U2. (66) 

Notice that 1/2,4, commutes with Bh2- Then we define a unitary operator 
U = Va (B t^2,4 and its Cayley transformation A which commute with the 
operator B. Repeating arguments before p3p we get a canonical solution of 
the Devinatz moment problem. 

Thus, all canonical solutions of the Devinatz moment problem are gener- 
ated by operators U2 € S{B;H2). Notice that different operators U',U" G 
S{B;H2) produce different orthogonal spectral measures E',E. By Theo- 
rem [3Tl these spectral measures produce different solutions of the moment 
problem. 

Recall some definitions from |10] . A pair (Y, 21) , where Y is an arbitrary 
set and 21 is a fixed cr-algebra of subsets of A is said to be a measurable space. 
A triple {Y, 21, fi), where {Y, 21) is a measurable space and /i is a measure on 
21 is said to be a space with a measure. 

Let (Y, 21) be a measurable space, H be a Hilbert space and V = 7-'(H) 
be a set of all orthogonal projectors in H. A countably additive mapping 
E : 21 ^ E{Y) = Ell, is said to be a spectral measure in H. A set 
(y, 21, H, E) is said to be a space with a spectral measure. By S{Y, E) one 
means a set of all -E-measurable E-a.e. finite complex-valued functions on 
Y. 
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Let (y, 21, fx) be a separable space with a cr-finite measure and to /i- 
everyone y (z Y it corresponds a Hilbert space G{y). A function A^(y) = 
dim G{y) is called the dimension function. It is supposed to be /i-measurable. 
Let be a set of vector-valued functions g{y) with values in G{y) which are 
defined /^-everywhere and are measurable with respect to some base of mea- 
surability. A set of (classes of equivalence) of such functions with the finite 
norm 

WaWu = j \9{y)\h(y)My) < oo (67) 

form a Hilbert space 7i with the scalar product given by 

{gi,92)H = j {gi,92)G(y)dKy)- (68) 

The space Ti = T-Lf_i^N = /y ®G{y)d^{y) is said to be a direct integral of 
Hilbert spaces. Consider the following operator 

X((5)(7 = xsg, g£n, (69) 

where xs is the characteristic function of the set 5. The operator X is a 
spectral measure in V.. 

Let t{y) be a measurable operator- valued function with values in B(G(y)) 
which is fj,-a.e. defined and fj, — sup ||t(y)||G(y) < oo. The operator 

T: g{y)^t{y)g{y), (70) 

is said to be decomposable. It is a bounded operator in % which commutes 
with X(5), V5 G 2t. Moreover, every bounded operator in T-i which commutes 
with X((5), V5 G 21, is decomposable jlO]. In the case t{y) = ip{y)EQ(^y^, 
where ip € S{Y,iJ,), we set T =: Q^. The decomposable operator is unitary 
if and only if |U-a.e. the operator t{y) is unitary. 

Return to the study of canonical solutions. Consider the spectral mea- 
sure F2 of the operator in H2. There exists an element h G H2 of the 
maximal type, i.e. the non-negative Borel measure 

fi{6):={F2{6)h,h), 5G«([-7r,^)), (71) 

has the maximal type between all such measures (generated by other ele- 
ments of H2). This type is said to be the spectral type of the measure F2. 
Let be the multiplicity function of the measure F2. Then there exists a 
unitary transformation W of the space H2 on % = 'H^^N2 such that 

WBh^W-^ = Q,.y, WF2i5)W'^ = Xi6). (72) 
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Notice that U2 € S{B;H2) if and only if the operator 

V2 := WU2W-^, (73) 

is unitary and commutes with X((5), \/5 € [— vr, vr). The latter is equivalent to 
the condition that V2 is decomposable and the values of the corresponding 
operator-valued function t{y) are fi-a.e. unitary operators. A set of all 
decomposable operators in "H such that the values of the corresponding 
operator-valued function t{y) are /i-a.e. unitary operators we denote by 
B{B;H2). 

Theorem 3.2 Let a Devinatz moment problem be given. In conditions 
of Theorem \3.1\ all canonical solutions of the moment problem have the 
form ^37^ where the spectral measures E of the operator A are constructed by 
operators from Y){B; H2). Namely, for an arbitrary V2 € T){B;H2) we set 
U2 = W-W2W, C/2,4 = U2,iU2, U = Va® f/2,4, A = i{U + Eh){U - Eh)-\ 
and then E is the spectral measure of A. 

Moreover, the correspondence between T>{B;H2) and a set of all canonical 
solutions of the Devinatz moment problem is bijective. 

Proof. The proof follows directly from the previous considerations. □ 

Consider a Devinatz moment problem ([1]) and suppose that conditions ([3]) 
hold. Let us turn to a parameterization of all solutions of the moment prob- 
lem. We shall use Theorem 13.11 Consider relation (I37p . The spectral mea- 
sure E commutes with the operator B. Choose an arbitrary z E C\M. By 
virtue of relation (13611 we can write: 



{BR,{A)x,y)H = {Rz{A)x,B*y)H = [ -^d(E{t)x, B*y)H 

JRt — Z 

[ -^d{BE{t)x,y)H = [ -^d{E{t)Bx,y)H, x,y G H; (74) 

JRt — Z J^t — Z 

{R,iA)Bx,y)H= [ -^d{E{t)Bx,y)H, x,y e H, (75) 

JRt — Z 

where Rz(^) is the generalized resolvent which corresponds to E. Therefore 
we get 

K,{A)B = BK,{A), zeC\R. (76) 



On the other hand, if relation (|76p holds, then 

/ -^d{EBx,y)H = [ -^d{BEx,y)H, x,y e H, z G C\E. (77) 

JRt — ^ JRt — Z 
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By the Stieltjes inversion formula [12], we obtain that E commutes with B. 
We denote by M(^, B) a set of all generalized resolvents HziA) of A which 
satisfy relation ([76|) . 

Recall some known facts from [5j which we shall need here. Let K be 
a closed symmetric operator in a Hilbert space H, with the domain D{K), 



D{K) = H. Set iVA = Nx{K) = H e Ai^(A), A G 

Consider an arbitrary bounded linear operator C, which maps Ni into 
iV_i. For 

g = f + C^l^-^l^, /e D{K), G Ni, (78) 

we set 

Keg = Kf + iC^ + i^. (79) 

Since an intersection of D(K), Ni and N^i consists only of the zero element, 
this definition is correct. Notice that Kc is a part of the operator K*. The 
operator Kc is said to be a quasiself-adjoint extension of the operator K , 
defined by the operator K. 

The following theorem can be found in [5, Theorem 7]: 

Theorem 3.3 Let K be a closed symmetric operator in a Hilbert space H 
with the domain D(K), D{K) = H. All generalized resolvents of the opera- 
tor K have the following form: 

R.m-I - Ai?H)-\ ImA>0 

where F{\) is an analytic in C+ operator-valued function, which values are 
contractions which map Ni{A) = H2 into N^i{A) = (^||i<'(A)|| < 1^, and 
Kf{\) 'i'S the quasiself-adjoint extension of K defined by F{X). 

On the other hand, for any operator function F{X) having the above 
properties there corresponds by relation Ii80\) a generalized resolvent of K . 



Notice that the correspondence between all generalized resolvents and func- 
tions F{X) in Theorem 13.31 is bijective [5]. 

Return to the study of the Devinatz moment problem. Let us describe 
the set M{A,B). Choose an arbitrary Ra G M{A,B). By ([80]) we get 

Ra = (Ap^x) - \Eh)-\ ImA > 0, (81) 

where F{X) is an analytic in C-(- operator-valued function, which values 
are contractions which map H2 into -^4, and ^f(a) is the quasiself-adjoint 
extension of A defined by F{\). Then 

Af(^x) = ^1^ + \Eh, ImA>0. 
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By virtue of relation (|76p we obtain 

BAp^x)h = AF^x)Bh, /i G A G C+. (82) 

Consider the following operators 

Wx ■■= (^F(A) + iEH){AFix) - iEnY^ = Eh + 2i{Ap(^x) - iEH)'~\ (83) 

Va = {A + iEH){A - iEn)-^ = Eh + 2i{A - iEH)-\ (84) 
where A G C+. Notice that ([5j) 

Wx = Va(S)F{\), AgC+. (85) 

The operator {Ap^^X) ~ iEn)'^ is defined on the whole H, see [5j p. 79]. By 
relation (j82p we obtain 

B{Af^x) - iEnT^h = {Apt^x) - iEuT^Bh, heH, XeC+. (86) 
Then 

BWx = WxB, A G C+. (87) 

Recall that by Proposition 12.11 the operator B reduces the subspaces Hj , 
1 < j < 4, and BVa = VaB. If we choose an arbitrary h G H2 and apply 
relations ([87]), ([85]), we get 

BF{X) = F{X)B, A G C+. (88) 

Denote by F(A,B) a set of all analytic in C+ operator-valued functions 
which values are contractions which map H2 into H4 and which satisfy rela- 
tion ()88p . Thus, for an arbitrary R;^ G M(^, B) the corresponding function 
F{X) G F{A,B). On the other hand, choose an arbitrary F(A) G F{A,B). 
Then we derive dHT]) with Wx defined by ([83]). Then we get ([86]) , ([821) and 
therefore 

BTix = TixB, X G C+. (89) 

Calculating the conjugate operators for the both sides of the last equality 
we conclude that this relation holds for all A G C. 

Consider the spectral measure F2 of the operator Bh2 in -f^2- We have 
obtained relation (I72p which we shall use one more time. Notice that F{X) G 
F{A, B) if and only if the operator-valued function 

G{X) ■.= WF{X)U^}W-\ AgC+, (90) 
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is analytic in C+ and has values which are contractions in Ti which commute 
with X(5), V(5 e [-vr,^). 

This means that for an arbitrary A G C+ the operator G{X) is decompos- 
able and the values of the corresponding operator- valued function t{y) are 
/i-a.e. contractions. A set of all decomposable operators in H such that the 
values of the corresponding operator-valued function t{y) are fi-a.e. contrac- 
tions we denote by T{B;H2). A set of all analytic in operator-valued 
functions G(A) with values in T{B;H2) we denote by G{A^B). 

Theorem 3.4 Let a Devinatz moment problem ^^ be given. In conditions 
of Theorem \3.1\ all solutions of the moment problem have the form |37p where 
the spectral measures E of the operator A are defined by the corresponding 
generalized resolvents Ra which are constructed by the following relation: 

R.A = (^F(A) - \Eh)-\ ImA > 0, (91) 
where F{X) = W-^G{\)WU2,a, G(A) G G{A,B). 

Moreover, the correspondence between G{A,B) and a set of all solutions of 
the Devinatz moment problem is bijective. 

Proof. The proof follows from the previous considerations. □ 

Consider an arbitrary non-negative Borel measure /i in the strip 11 which 
has all finite moments ([TJ. What can be said about the density of power- 
trigonometric polynomials ([2]) in the corresponding space L^? The measure 
H is a solution of the corresponding moment problem ([1]). Thus, fi admits a 
representation (]37p where F is the spectral measure of B and E is a spectral 
measure of A which commutes with F (the operators A and i? in a Hilbert 
space H are defined as above). 

Suppose that (power-trigonometric) polynomials are dense in L^. Re- 
peating arguments from the beginning of the Proof of Theorem 13.11 we see 
that in our case Hq = {0} and A, B are operators in H. Moreover, we have 
^ = ((£! X F)xQfi,xofi)H, where E is the spectral measure oi A, F = F. 
Consequently, /i is a canonical solution of the Devinatz moment problem. 
The converse assertion is more complicated and will be studied elsewhere. 
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Devinatz's moment problem: a description of all solutions. 

S.M. Zagorodnyuk 

In this paper we study Devinatz's moment problem: to find a non- 
negative Borcl measure in a strip 11 = {{x,ip) : x € M, — tt < f < tt}, 
such that /jjX™e™'^d|U = Sm,n, m G Z+, n £ Z, where {s„i,n}mez+,nez is a 
given sequence of complex numbers. We present a new proof of the Devinatz 
solvability criterion for this moment problem. We obtained a parameteri- 
zation of all solutions of Devinatz's moment problem. We used an abstract 
operator approach and results of Godic, Lucenko and Shtraus. 
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